UT-08-10 



M5 from M2 



t 



Pei-Ming Hofl Yutaka Matsuofl 

^ Department of Physics and Center for Theoretical Sciences, 
National Taiwan University, Taipei 10617, Taiwan, R.O.C. 

Department of Physics, Faculty of Science, University of Tokyo, 
Hongo 1-3-1, Bunkyo-ku, Tokyo 113-0033, Japan 



Abstract 

Recently an action based on Lie 3-algebras was proposed to describe M2-branes. We study the 
case of infinite dimensional Lie 3-algebras based on the Nambu-Poisson structure of three dimen- 
sional manifolds. We show that the model contains self-dual 2-form gauge fields in 6 dimensions, 
and the result may be interpreted as the M5-brane world-volume action. 
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1 Introduction 



Recently, Bagger and Lambert [1-3] and Gustavsson [4, 5] proposed a supersymmetric Lagrangian for 
multiple M2-branes with a Lie 3-algebra [6] as the internal symmetry 



H = -"-{B^X', D,X') + '-{^, F^Z?^*) + ^(4-, Tij[X', X\ *]) _ Y(x) + Lcs. (1) 
where I?^; is the covariant derivative 

{D^X\x))a = dy^Xi ~ r^\Ay,d{x)Xl, (2) 
V{X) is the potential term defined by 

V{X) = ^{[X',X'\X%[X',X-',X^]), (3) 
and the Chern-Simons action for the gauge potential is 

Ccs = \e'"'^ (^^'''''A^^abd.Ax.d + Ir^^r^^'A^abAucdAxe^^ . (4) 

The indices /, J, K run in 1, • • ■ , 8, and they specify the transverse directions of A/2-brane; /i, v run 
in 0, 1, 2, describing the longitudinal directions. The indices a, 6, c take values in 1, • ■ • , 2? where V is 
the number of generators of the Lie 3-algebra specified by a set of structure constants 

The fermionic field ^E* is a Majorana spinor in 10+1 dimensions satisfying the chirality condition 
roi2^' = ■ (The SUSY parameter e satisfies roi2e ~ e.) As a result ^ has 16 real fermionic 
components, equivalent to 8 bosonic degrees of freedom. The bosonic fields include 8 X^'s and 3 A^'s. 
In 2+1 dimensions, ordinarily a gauge potential has one propagating degree of freedom. However, here 
the gauge potential A has no canonical kinetic term, but only a Chern-Simons term, and hence it has 
no propagating degree of freedom. 

The action has = 8 maximal SUSY in d = 3, and the SUSY transformations are 

5Xi = leV'^a. (5) 
5^ a = DyXiT^T'e-^XlxiX^f-\T'''''e, (6) 
5Ay\ = teTyriX'^^dr'''a. (7) 

The gauge symmetry for the bosonic fields are written as, 

SX^ = hcdr''\xl , 5Ay\ = d^,K\ - A^ci/a + Ay\K\ . (8) 

For the consistency of these symmetries, we need to require a generalized Jacobi identity (or the 
fundamental identity) to the structure constants, 

^ ^ fcde^ fabg ^ ^ i fabc^ fgde + fabd^fcge + fabe^fcdg j • (9) 



a g 

When T> is finite and the metric h"-'' = (T", T'^) for the basis of generators T" (a = 1, • ■ • , 2?) is positive 
definite, the only known examples are (1) trivial algebra /"''^^ = 0, (2) the so-called A4 [7], with V = 4 
and the structure constant f'^'"^^ — ieabcd, and (3) their direct sums. Many attempts have been made 



1 



to search for further nontrivial examples of 3-algebras [8-11]. It was conjectured in [10] that there 
exists no other example of finite dimension with a positive definite metric. This was finally proved 
in [11,12] very recently. 

When the constraints (1) 2? is finite and/or (2) /i"'' is positive definite are replaced by milder 
constraints, there are many varieties of 3-algebras which satisfy the fundamental identity (see for 
example [10,13]). In particular in [10], we commented that for any manifolds with Nambu-Poisson 
structure [14-18], one can define V = oo positive-definite Lie 3-algebra. 

The BLG theory has gained a lot of attention very recently [19] . In this paper, we examine the BLG 
theory with T) = oo Lie 3-algebras based on 3 manifolds I\f with Nambu-Poisson structures. We will 
show that the field theory on the membrane world volume Ai can be rewritten as field theory on a 6 
dimensional manifold A4 x Af whose bosonic components consist of the self-dual gauge field on M xAf 
and scalar fields which define the embedding. As this is the field content of an M5 brane [20,21], we 
interpret it as a model of M5-brane constructed out of infinitely many M2-branes. We note that this 
problem was considered in Basu and Harvey [22] in the context of the generalized Nahm equation. 
Our result will provide a new prospective to this problem. 

2 Nambu-Poisson manifold and Lie 3-algebra 

We consider 3 dimensional manifolds TV equipped with the Nambu-Poisson brackets. The Nambu- 
Poisson bracket is a multi- linear map from C(7V)®'^ to C(7V) defined as 

{/i, /2, /3} = E Pf.,xiyWid,.hd^f3, (10) 

where Pf,^ x is an anti-symmetric tensor. We use the coordinate (/i = 1, 2, 3) to parametrize TV. 
The Nambu-Poisson bracket needs to satisfy the fundamental identity, 

{g, h, {/i, /2, fs}} = {{g, h, /i}, /2, /3} + {/i, {g, h, M, /3} + {/i, /2, {5, h, /a}}. (11) 

which gives severe constraints on ^ ^{y) (see for example [18]). 

The simplest possible Nambu-Poisson bracket is the Jacobian determinant for 3 variables ?/^(/i = 
1,2,3) 

{.fij2, fs} = E ^f.,xdf.fid,f2dxf3- (12) 

/i,z>, A 

This is the classical Nambu bracket. In general, it is known that a consistent Nambu bracket reduces 
to this Jacobian form locally by the change of local coordinates [17]. So we will use it in the following 
for simplicity. 

Nambu-Poisson bracket may be regarded as the definition of Lie 3-algebra in the infinite dimensional 
space C(7V). We write the basis of C{J\f) as x°'{y) ('i = 1: 2, • • • , oo). We define the Lie 3-algebra 
structure constant by Nambu-Poisson bracket 

{X^ X", X^} := E ^(.,xdf.x''d,x''d^x' = ^ r'^'.x'iy). (13) 

fii>X d 

We write the inner product as integration 

(X,0) = / <Fyii{y)x{v)<P{y). (14) 
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The measure factor /i is chosen such that the inner product is invariant under the Nambu-Poisson 
bracket, namely 

({/i,/2,x},'/') + (x,{/i,/2,0}) =0. (15) 

The inner product between the basis elements /i"'' = {x°'}X^) is called metric. We choose the dual 
set of basis XaiY) in C{Af) such that (xa,X^) = S^. We write (xa,Xh) = ^afc and J2b f^"'' f^bc = S^. 
The indices of the structure constant can be changed by contraction of the metric. In particular, 
X]e = j^bcda (^j^gj^Qg ^ totally anti-symmctric 4-tensor. In order to have finite metric, we need 

to restrict A/" to a compact manifold. One may, of course, discuss noncompact manifolds by appropriate 
limits of the compact spaces. 

2.1 Examples 

Since we will analyze only the quadratic terms of the Lagrangian, the detail the 3-algebra will not be 
so relevant. However, since it is of some interest to see the algebra itself explicitly, we present a few 
examples where explicit computation is possible. It will be useful to proceed to analyze the higher 
order terms in the future. 

2.1.1 and 

The simplest example of infinite dimensional 3-algebra is given by T"^ with radius R. The basis of 
functions are parametrized by r? G Z"^ as (if we take jj, = {2TrR)'^) 

X"{y) = exp{2mn ■ y/R) , xniv) = exp(-27rm -y/R). (16) 

The metric and the structure constants are given by 

=5(ni+ri2), (17) 
r'"^"'n4 = {2TTi/Rfni ■ (712 X n3)S{ni + + - n^) , (18) 
^Si«,n3,n4 ^ ^2TTt/Rfni ■ {n^ X n^)5{ni +n2+nz + ua) ■ (19) 

If we take i? — > oo, we obtain the Lie 3-algebra associated with R^. The label for the basis becomes 
continuous and the metric becomes the delta function. 

2.1.2 

We introduce four variables yi, - ■ ■ , i/4 and the Nambu-Poisson bracket defined by 

P = -2/1 ^2 A ^3 A ^4 + y2di AdjAdi- ysdi A ^2 A ^4 + yidi A 82 Ads. (20) 

If we restrict C{Af) to the linear functions of yi, it agrees with A4. We impose a constraint (/)(y) := 
y 1 + 2/2 + yf + yl ^ 1 ~ which defines . This restriction is compatible with the Nambu-Poisson 

bracket in a sense {(f>{y)fi{y),f2{y),h{y)} l</.(y)=o = for any fi{y). 

Square integrablc functions on are given by combinations of yi^y^^y^i^y^*- By the constraint, 
whenever powers of 2/4 higher than 2 appears, we can reduce it to zero and one. Therefore the basis 
of functions are given as 

Tn^vTy2'yT^ Sn^yTy^yTy^^ K>o). (21) 
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The 3-algebra becomes 



fi ■ (rn X i)S^ , - , 7 -1 

^ / n-\-ni-\-i— p ' 






(22) 



where p = ei + 6*2 + £3 . 



3 M2 to M5 



In this section we will show that the BLG model with a Nambu-Poisson structure on a 3 dimensional 
manifold contains the low energy degrees of freedom on an M5-brane. Before going on, let us count 
the number of degrees of freedom in the bosonic and fermionic sectors in our model. The fermion ^' 
is a Majorana spinor in 10+1 dimensions with a chirality condition, and thus it has 16 real fermionic 
components, equivalent to 8 bosonic degrees of freedom. For a 5-brane there are 5 transverse directions 
corresponding to 5 scalars . For an ordinary 2-form gauge field in 6D, there are 6 propagating modes. 
But since we do not have the usual kinetic term for A, but rather a Chern-Simons term, there are 
only 3 propagating modes. The low energy effective theory of an M5-brane contains the same number 
of bosonic and fermionic degrees of freedom. But a salient feature of the M5-brane is that the 2-form 
gauge field is self-dual. Hence our major challenge is to show that the gauge field of the BLG model 
is equivalent to a self-dual 2-form gauge field. 

A comment on the notation: we will use /.J, K to label the transverse directions to the membrane 
worldvolume AA. We decompose this eight dimensional space as a direct product of N and remaining 
5 dimensional space. We use iJ,,i',X to label TV and i,j,k to label the transverse directions of the 
M5-brane. 

3.1 Rewriting fields and covariant derivative 

We expand the fields in BL action in terms of a basis {x"(y)} of C{Af) as 




(23) 



a 




(24) 



a 




(25) 



a 
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which show that the original 3 dimensional fields on M2-branes are promoted to 6 dimensional ones. 
We note that the gauge potential Af^i, still contains the index b which labels the basis of C{J\f). 
The covariant derivative is 

D^X'{x,y) = d^X'{x,y) - {x',x'',x''} A^,,{x)Xi = d^X'{x,y) - {A^,{x,y),x''{y), ix,y)} . 

(26) 

3.2 Action 

In the following, we will rewrite the M2 action in terms of the six dimensional fields defined in ([23l - 
I25p . For this purpose, we decompose the summation in /, J, K to the summation in /x, X and k. 
Without loss of generality, we will tak^ 

and 

= / d^yfg- (28) 

3.2.1 Potential term 



^-{[X',X\X%[X',X\X'']) 



= X\ X^f + 3[X'^, X\X'f + 'i[X^',X\X^f + [X\ X\X^f^). (29) 

As in matrix models [23-25], the first trick to reorganize the 6 dimensional fields is to rewrite 

X^{x,y)^y^ + A(^{x,y). (30) 

Thus 



[X^'.X^.X^f) = {ef'^^f + \2{d^'A(') + 12{d^'A^f ^&{df'A^d^Af') + 0{A^) 
= 6 + Qef^'^df^A,^ + 2>{ef^'hf,A,^Y - le'^^ e^^'df^A^.d^A,, 

+0(^3), (31) 



where 

^A-> ^ H.,xA\ (32) 
The gauge transformation of the gauge field A^^ is given by 

M'^(x, y) ^ Y.^hc.{x. y)j24x, y), / + A^] = e/^'^ ^ d,hc.dj2a + 0{A). (33) 

a. a 

The linear part of the transformation of A^,; becomes 

5A = dA + 0{A), A=]-A(,i,dy^dy\ A = ^/i„d/2„, (34) 



^ Of course, this is possible only locally on each coordinate patch for generic M. 
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as that of a standard 2-form gauge field. Thus at the quadratic level of the action, we define the field 
strength of A as 

F^,x = 9fA,, + d,A,, + d^Af,,. (35) 

Since /i, i>, A = 1, 2, 3, we have 

= ^^.oy/'^'d.A^i- (36) 

Now we try to rewrite the quadratic part of the potential in terms of the field strength F. The 
first term in ([31]) is a constant. The 2nd term is a total derivative, unless F is a constant. The 3rd 
term is 

i{e^''d,A,^f = 2F.,^\ (37) 
After integration by parts, the 4th term becomes 

- lyd.A^x? - -F,,^- (38) 
Thus, altogether, we find up to total derivatives §1 

([X'^, X^, X^f) = j <fy {F^^. + constant + 0{A^)). (40) 
We also have the 2nd term in ([29|) given by 

- ^[X^',X^,X'f = -^{df,X'f + 0{AX^). (41) 
The 3rd and 4th terms in have no quadratic terms. 

3.2.2 Fermion kinetic term 

The kinetic term for the fermion is easy to compute: 

'-{^,Tjj[X',X'\^]) ^ ^(^,r,i,[/,/,vI/]) = '-e^'^{^,Tf,,d^^) = '-{^,T^d^^). (42) 

3.2.3 Chern-Simons term 

The Chern-Simons term in the BL action is 

Lcs = ^e^"^ (^r'^^A^abd^Axcd + ^r^^r^'" A^abA,,dAxe!^ ■ (43) 
It can be rewritten as 

Lcs = \^^''^{{{x\x\x']y)A^abd.A^cd 

+ ^({X^ X\ X"} , Xg){{x\xf,x'] , x')A^abA,,<iAxe!^ 
= {^^''^{{A^b, x\ d^A^d] , x") + \{{A.d. x\ V} , Xg){{Axf.x^,x'] , x")) • (44) 
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Keeping all the total derivatives, it is 



(39) 
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Let us now focus on the quadratic term. Here we need to introduce the second trick. In the choice 
of the basis we pick the first three as 

x^{,y) = v^- (45) 

The rest of the basis correspond to higher osciUations modes. [f| They are ignored for the purpose 
of this paper, which is to identify the physical degrees of freedom of the low energy effective M5-brane 
theory. 

For these modes, we change the label a to the label fi of the coordinates of M. We pick up the 
corresponding mode in A^j^a (rewritten as A^p) in the quadratic terms in Lcs a-nd find 

^cs' = / rf'y e^'^e^'^-d^A^^ix, y)di,A^^{x, y) + ■ ■ ■ . (46) 

The dots • • • represent the terms which involve A^^'s for higher oscillation modes. In the following we 
will ignore them for simplicity. 

3.2.4 Kinetic term for X 

The kinetic terms for X^'s are 

= [d,A^ - [A^^,y\y'}y + {d.X^f + ■■■ 

- i^l^^'^'d^A.^ - e^'^d,A^i}i " + id.Xr + ■■■ 

= liF,,,r + id,xr+---, (47) 

where we defined the field strength of A 

F,,x^9,A,,-d,A^^+d,A,,. (48) 

Here again, • • • represents those terms involving A^^a {a ^ 1,2,3) and higher order terms which we 
ignore in the analysis in the following. 

3.3 Equivalence to M5-brane low energy theory 

Collecting all relevant terms, the quadratic part of the BL Lagrangian is 

i"^™' = -\ {{dy^x'f + {di,x'f\ + ^(*, (r'^9^ + r'^a^)*) 

- \f,,^^ ^F.,,' \e^-^^e^'%A,,d,A,,. (49) 

The first two terms on the right hand side are the standard kinetic terms for free fields living on a 6 
dimensional space. They agree with what we expect for an M5-brane. We will now focus our attention 
on the gauge fields. 

^ The zero mode = 1 has no contribution to the CS action since the Nambu-Poisson bracket vanishes whenever it 
is present. 
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The last term in the Lagrangian can be rewritten as 
where 

^.aa^^^Aa-^aA^a- (51) 

This is different from the expression of a field strength for an ordinary 2-form gauge field because it 
misses the term d^A^\. Hence A^,> is a 2-form gauge field, and A^f^ is a 1-form gauge field with an 
addition index /t. The gauge transformations are 

SAf,i,{x,y) = df,ky{x,y) - dyK(,{x,y), (52) 
5A^,(,{x,y) = d^Kf,{x,y). (53) 

Compared with a 2-form gauge field on a 6-dimensional spacetime, wc are missing the components 
A^i, and the gauge transformation corresponding to the other 3 components of the gauge parameter 
A^. We will see below how they automatically appear when we analyze the equations of motion in 
more detail. 

One can rewrite the gauge field relevant terms in (|49p as 



where F is the Hodge dual of the field strength defined by 

Here A ~ 0, 1, • ■ • ,5 are the collective indices for both /i and fi. In particular, 

F,., = -l^,.xe^''F,,,. (56) 

The minus sign on the right hand side of ([51]) comes from e^^^^^^^^^x = ^^^^ji^a/wA = ^^M'^Ae^i,^- 
The equations of motion derived from (|54p are 

d^F^f^i, = 0, (57) 
+ duF.^f. = 0. (58) 

Let us now show that this set of equations of motion ([57]) , ([55)1 is equivalent to the free field theory 
of a self-dual 2-form gauge field in 6 dimensions. First we focus on (|58p . Combined with the Bianchi 
identity (recall that Hodge dual exchanges equation of motion with Bianchi identity) 

d,F,^j, + doFo^^ = 0, (59) 

eq. ([58]) gives 



dc.{F^i,c - F^(,o) ^ (60) 
Hence there exists a 1-form field B such that 
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Next we consider the equation of motion ([57|l . Using (pT]) . wc find that (|57|) impUes 

9xFxf,,> = -dxFxf^i, = U^uxe^i^idxF^^^ - e. .^dxd^Bx = -e. .^d^dxBx. (62) 



Since fi, A can only take 3 different values, we have 

1 
6 

and hence it follows from (p^ that 



^iivX ^ f^^;ll>A^Kcrp^K(Tp, (63) 



5x(F^^P + e^^p9ABA) = 0. (64) 

This is solved by 

Fi,ap + ^k&pdxBx = f{x)ei,ap, (65) 

where f{x) is independent of y. We can set f{x) = by absorbing it in B^. Then the Bp's are shifted 
by functions of x, but this will not change the defining equation (|6ip of Bp. Thus, by suitably choosing 
Bp, we have 

Fi^ap + ek&pdxBx = 0. (66) 
Eqs. ([STjl and allow us to define a self-dual 2-form gauge field B^^^, as 

Bpi/ = ^^puxBxi ^pp ^ ^fj-ij-' Bij^y ~ ^p!>- (67) 
The field strength dB is denoted by H and its components are 

(68) 
(69) 
(70) 
(71) 

For a self-dual field theory, the 3-form field strength satisfies 

Hp^x = Q^puX^^^^H^^y^, H^^^ = gEpi^Ae^^^B^^A, (72) 

F[pi,p = ^ ^^pvx^^"^ Fl Hf^iiii, = -^^^pvXf^^^^H^^^. (73) 

(The two equations on the same line are equivalent.) It is straightforward to check that the self-duality 
conditions are guaranteed by ((6T|) and ([66|) . Thus we have proven that ([6T|) and ([66]) are equivalent to 
the free field theory of a self-dual 2-form gauge field in 6 dimensions. The Lagrangian ([54]) can thus 
be understood as a Lagrangian for a self-dual 2-form gauge field in 6D, and it is different from such 
Lagrangians in the literature [20,21]. 

4 Remarks 

One may wonder the possibility of constructing other Mp-branes (which should not exist) in M theory 
from multiple M2-branes. However, even if we had considered a higher dimensional manifold TV with 



FlpvX 


= df^B„x 


+ d.Bxp 


+ dxBf^i, — —^puxdpBp, 


B pj^p 


= d^Byj^ 


— diyB^fi 


— ^pvxdpBx = B^y^ — Efj^iyxdpBx 


B ppi/ 


= df^B^i, 


— d^B^i, 


-\- dijB^^ F^i^^i/j 


^pOX 


= dpB,x 


+ 9cB,. 


+ 9xBp,^F.,^. 
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Nambu-Poisson structure, due to the decomposability [17] of the Nambu-Poisson bracket, locally one 
can always choose 3 coordinates {y^, y^,y^} in terms of which the bracket is simply 



{f,g,h} = e' 



(74) 



Hence the rest of the coordinates (y" for a > 3) of A/" will not induce derivatives or gauge field 
components. There can never be more than 3 of the X-^'s turning into covariant derivatives. The 
decomposability of the Nambu-Poisson bracket is thus the mathematical basis of why there are no 
other Mp-branes with p ^ 5. 

In order to understand this statement, it may be instructive to consider a straightforward extension, 



which would give us a theory on M8-brane. This does not work however since this bracket does NOT 
satisfy the fundamental identity! One may easily confirm this by examining 

{yiy4,2/2, {2/3,2/5, ye}} = 0, but 

{ {2/1 2/4, y2, 2/3}, 2/5,2/6} + {2/3, {2/1 2/4, 2/2,^5}, 2/6} + {2/3,2/5,(2/12/4,2/2,2/6}} = 1 • 

The fact that the fundamental identity is so restrictive is helpful here to restrict the branes of M-theory 
to M2 and M5. 

The Nambu-Poisson tensor is reminiscent of the Poisson tensor which appears on a Dp- 
brane world volume when there is a constant i?-field background [26]. In both the weak and strong 
i?-field limit, the noncommutative structure on the D-brane world volume can be approximated by 
the Poisson structure. By analogy, we suspect that the M5-brane action presented above corresponds 
to a weak or strong C-field limit with C^^j^ turned on. For a finite value of C^^-^, we expect that the 
Nambu-Poisson bracket to be replaced by a quantum version. In [27] we proposed a quantum Nambu 
bracket by examining open membrane scattering amplitudes in the large C-field background. However, 
the fundamental identity is not preserved by the quantum bracket. If it is the correct formulation, one 
should interpret it as the Nambu bracket after gauge fixing A^^^^ = 0. 

There are obviously many things to be clarified in the future. In this paper we consider only 
the quadratic part of the Lagrangian and ignored higher terms and also the components for A^a for 
a ^ 1,2,3. To study the precise role played by them would be essential to understand the precise 
relation between M2 and M5. It will also be possible to study the opposite direction, to understand 
M2 from M5 brane action [20,21]. Since M5 action is non-polynomial DBI type action, we expect to 
have a similar non-polynomial action which generalizes H]). Since the higher powers of the generators 
of Lie 3-algebra will be inevitable, one needs to understand global structure associated with a given 
Lie 3-algebra. This is related to the problem of the quantum Nambu-bracket, a notoriously difficult 
problem but many attempts [13, 15,27] have been made. We hope that our study here would provide 
a good hint to this problem. 
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P = 9i A 92 A ^3 -I- ^4 A ^5 A 96 



(75) 
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